The time evolution of a system consisting of two-level atoms and a laser field is compared with the evolution of a mean field theory. The evolution on the quasilocal level is extended to the fluctuation algebra, where with the modifications necessary for time-dependent states it can be described as a quasifree automorphism. The spectral properties of these automorphisms are related to the stability properties of the underlying quasilocal state.
Introduction
The laser model describing the interaction of a laser radiation with matter consisting of two-level atoms is both of physical interest as of mathematical subtlety. It was investigated starting with [1] [2] [3] and finally treated with all mathematical rigor in [4] showing interesting features like phase transition. We are here interested in its simplest version, i.e. we take into account only one laser mode and ignore all interactions except the interplay of the laser field with the atoms. Already here a nontrivial time evolution results. For finitely many atoms the time evolution is given by a Hamiltonian and therefore corresponds to an automorphism of the underlying von Neumann algebra. In the thermodynamic limit, when the number of atoms tends to infinity, there exist several limits. We can consider the expectation value of a single spin and that of a finite product of spins. Then the relevant algebra is the quasilocal C Ã algebra influenced by the Weyl algebra of the laser field. For this Weyl algebra we take for the thermodynamic limit a sequence of states on the laser field with photon number increasing proportional to the number of atoms but at the same time with increasing correlations between the photons so that the entropy of the laser field remains finite. For this sequence of states the evolution of the expectation values of characteristic quantities in the course of time was evaluated in [5] , also similar results though in a wider context can be found in [6] , [7] . We obtain a time evolution on the quasilocal level. The fact that we are dealing with an automorphism group is lost in the limit due to the scaling of the Hamiltonian.
In [4] however the bosonic creation and annihilation operators of the laser field are replaced by bounded operators in an appropriate scaling. The advantage is that some limits can be controlled more easily. We will call this model mean field model. As an additional advantage we will note that the time evolution remains an automorphism on the quasilocal algebra though this automorphism is timedependent and does not preserve the group structure. In this note we want to restore this automorphism property to some extent also for the laser model. In order to find an automorphism for the whole system we have to include the algebra of fluctuations of the atoms, therefore studying the time evolution on a mesoscopic scale. The algebra of fluctuations was introduced in [8] . Its time evolution was discussed for time-invariant states and interactions with finite range, where it is closely related to the time evolution on the quasilocal level. But already in [9] it was observed that the time evolution shows new features if it results from a mean field theory, even if the state remains invariant in time. This fact was applied in experiment [10] to construct mesoscopic entanglement. This experiment was analyzed in the framework of the fluctuation algebra in [11] . Therefore it is evident that the fluctuation algebra can change though the change cannot be observed locally. Here we will show that provided the state is invariant in time, i.e. our setting corresponds to the setting of [10] the evolution of the laser field can be understood as the time evolution of the fluctuation algebras of two systems interacting by a mean field Hamiltonian, identifying the fluctuations of one system with the laser field. If the state is not invariant then the mean field time evolution describes a time evolution different from the one with a laser mode, mainly because it does not allow that the number of photons changes. But on the quasilocal level the two time evolutions have such a strong similarity that it is natural to extend the time evolution of matter and laser also to the fluctuation algebra of the matter. The fact that on the quasilocal level it is possible to describe the evolution by an automorphism makes it possible to define a natural map between the fluctuation algebras corresponding to different times. But this map does not describe the time evolution of the fluctuation algebra. It has to be combined with the action of the Hamiltonian on the fluctuations. We obtain in this way a quasifree time evolution on the Weyl algebra of fluctuations, that is not trivially related to the time automorphism on the quasilocal algebra. For the special case that the underlying quasilocal state is invariant or periodic in time, the evolution on the fluctuation level satisfies the group property and therefore can be expressed by an effective Hamiltonian that is quadratic. For invariant states this Hamiltonian is bounded from below if the invariant state is stable, so that the fluctuations though not invariant remain bounded. For an unstable state the fluctuations increase exponentially. If we consider periodic states then they are always stable and again the corresponding Hamiltonian is bounded from below but now admits a zero frequency, that corresponds to a linear increase of the correlations between the laser field and the fluctuations in the course of time and consequently in an increase of the entropy of the state of the laser algebra. We observe therefore that though the time evolutions on the quasilocal level and on the level of the fluctuations are different they show the same stability behavior.
The Quasilocal Model
We concentrate on the simplest example treated in [4] and [5] , namely a system of N atoms with two energy levels interacting with a one mode laser. To be more precise, we are interested in the effect of a field of many photons with strong correlations on a quasilocal spin system. We describe the time evolution by a Hamiltonian
The Evolution of Fluctuations in the Laser Model where j are Pauli matrices scaled as ½ x ; y ¼ i z and b; b Ã are bosonic annihilation and creation operators satisfying ½b; b Ã ¼ 1. In the following we will also study a Hamiltonian of a mean field model describing the coupling of two spin systems, the k also being Pauli matrices,
We can consider this Hamiltonian again to describe the interaction of atoms with a laser in so far as the laser consists of photons to whom we can assign as individual property their polarization that we can relate to the Pauli matrices . We assume that we start with M photons and that this number is not changed in the course of time. In our Hamiltonian we have restricted ourselves for simplicity to N ¼ M, but the calculations would be similar if M increases proportional to N. What we miss in the second model is the possibility that photons are created or annihilated, what we gain is the mathematical facility that is a bounded operator and that the scaling in the Hamiltonian is the natural scaling in a mean field theory. We will see in the following that the two models describe a very similar behavior. We assume that the system is initially in a state that factorizes in the lattice points of the atom system
In the mean field model the same holds for the field
Finally we assume that there are initially no correlations with the laser field
If the laser field is described with creation and annihilation operators then again
where ! N is a Gaussian state on the laser system. For N ! 1 the mean photon number will increase so that we need the existence of
For such a sequence of states the time evolution of the state determined by H 1 N respectively by H 2 N converges in the limit N ! 1 in the following sense: Theorem 1. Assume that for the laser model the state satisfies (3), (6), (7) and that the time evolution is governed by (1) 
where the vectorss sðtÞ andã aðtÞ have to be determined by the differential equation
Proof. The differential equation (9) has as constant of the motion
According to the expected time evolution the state factorizes in the lattice points. We can describe the state by the same density matrix at every lattice point, k ðtÞ ¼ ð1 þs sðtÞ k Þ=2. Since js sðtÞj ¼ s, we can write k ðtÞ ¼ k k t where k t is an automorphism at the lattice point k rotating the state. Therefore for the quasilocal state ! t ¼ ! t S . Here t S are automorphisms of the lattice algebras corresponding to the atoms considered as quasilocal C Ã algebras. This automorphism is strictly local and we consider it to be implemented for the local 
Here A; B are operators of A ½0;N ðÞ and we have used that the state is cyclic and separating (we assume js sj<1) so that B can be replaced by an operator B 0 from the commutant that can be commuted through. FurtherH HðtÞ ¼ P jc ðtÞ cðtÞ implements the rotation of j at the time t and is therefore determined by (8) and (9) is the conditional expectation over the b-field with respect to the given state ! and the limit can be taken in the strong topology of the quasilocal -field. To obtain the correct time behavior for the b-field we estimate
Here we profit from the fact that in the commutation relation between H 1 N and b we remain only with for which we already control the time evolution. Compare also the related result in a larger context in [6] and [7] . Theorem 2. Assume that in the mean field model the state satisfies (3), (4), (5) and that the time evolution is determined by (2) with
where s j ðtÞ and a j ðtÞ are solutions of the differential equations
Proof. Here we have as constant of the motion
As before the state restricted to the -field, now together with the -field can be written ! t ¼ ! t . Again we consider this automorphism to be implemented on the local level by U N ðtÞ. In (11) we can now take A; B to be local operators belonging both to the -and the -field. Otherwise the argument remains unchanged. We are permitted to arrange an appropriate c-number in U N ðtÞ and estimate
so that again we control the time evolution on the quasilocal level. Let us characterize once more the time evolution in the thermodynamic limit resulting from (2): We obtain a rotation on every lattice point, but the time evolution is not unitarily implementable since weak limit points are state-dependent. The individual t S ; t T do not satisfy the group property reflecting the interaction between atoms and photons. Notice that due to the fact that the time evolution of the quasilocal state is the result of automorphisms on the C Ã algebra the mean entropy of the quasilocal state ! t remains unchanged in the course of time.
The Evolution of Fluctuations in the Laser Model
If we turn to the time evolution corresponding to H 1 N then again we have similar constants of the motion (10) . This guarantees that the time evolution with respect to the atoms reduces to a time-dependent automorphism. However due to the scaling it is difficult to interpret the time evolution of the laser field as an automorphism. In addition we did not determine how ! t ðb Ã bÞ behaves in the course of time, which on one hand is necessary to describe the time evolution on the algebraic level and of course also tells us how the number of photons changes in time. In fact we will see that the time evolution can be interpreted as automorphism only if we add the fluctuation algebra of the atoms which we have to discuss next.
The Fluctuation Algebra and Its Time Evolution
Following [8] we can consider the limit
In [8] 
This Weyl algebra is called fluctuation algebra and is state-dependent. In addition the construction not only defines the operators but at the same time gives a state ! (we use the same letter) on this fluctuation algebra that in fact is a Gaussian state. For the algebra we can consider the same procedure and obtain another Weyl algebra ðe iã aT T Þ. If however we start with the laser algebra ðb; b Ã Þ and assume together with
then we can define new creation and annihilation operators
Their expectation values are zero for t ¼ 0 and But here there appear several difficulties. First the Weyl operator
converges only in a weak sense. Time evolution that changes the underlying quasilocal state destroys the convergence. Therefore we have to subtract the correct value moving to the appropriate fluctuation algebra. Next we have to take care that the limits N ! 1 in the Hamiltonian and for the fluctuation algebra are coupled and this can have the consequence that the time evolution of the quasilocal algebra and of the fluctuation algebra are not trivially related. Therefore we divide the time evolution into several steps that we hope will preserve the algebraic relations so that in the final estimate we can use unitarity to control convergence. This means that for an invariant state " t t ¼ id. But already in [9] it was shown that for mean field theories this does not hold in general. This is even of more interest because it has consequences in experiments. In [10] on the basis of this evolution mesoscopic entanglement was produced. In [11] this experiment was analyzed in the framework of the fluctuation algebra.
Since the state ! can change on the quasilocal level it is clear that we have to look for a generalization of (22), i.e. the evolution of the fluctuations. We expect that we can formulate the evolution as an isomorphism between the fluctuation algebras corresponding to different times. Therefore we introduce the following map:
Now the ''weak'' limit (where the limit is taken in the sense of (17)) has to be taken in ! and it has to be shown that this limit exists. Since the correction term ! t ðC j Þ is taken in ! t we start with an expression that is well defined in W ! t and is mapped by t into an operator in W ! . Again under the assumptions of [8] and [12] this map reduces to t W ! t ðCÞ ¼ W ! ð " t CÞ. But in [9] we had examples where the state is invariant on the quasilocal level but the state on the fluctuation algebra changes in time. Nevertheless the result in [8] , [12] encourages us to define Definition 4.
Here we only assume that Ã t exists as a linear map on an appropriate subset of the quasilocal algebra that in the special examples has to be specified. Obviously Ã t must satisfy ! t ¼ ! Ã t . Finally we can consider
This is a map from W ! into W ! . Under the assumption that Ã t exists we have 0 t W ! ðCÞ ¼ W ! ð Ã t Àt CÞ. In our example 0 t will turn out to be actually an automorphism but not the identity as in [8] , [12] .
To show that the limit (23) and consequently also (25) exists in our models (1) and (2) we examine first formally the corresponding evolution equations on the fluctuation algebra, e.g. the derivative of (23) t ðS k Þ,
As a first control we realize that the differential equation for the commutation relations demands
which in fact is satisfied if we use the evolution equation of the quasilocal state. The similar condition has to hold for . Finally we 
Here the clustering property of the quasilocal state is essential and guarantees that the term proportional to ffiffiffiffi N p cancels. Similarly
or for the laser system
Note that the quadratic evolution equation of the quasilocal state turns into a linear evolution equation on the fluctuation algebra. It is a map between the Weyl algebras because the commutation relations on the derivation level can be controlled via
and similarly for the other commutation relations, e.g.
It remains to argue that the differential equation defines automorphisms (25). First we take Ã t in (24) to be the same linear map on the ; ; A x ; A y as the one corresponding to the differential equations (28), (29) resp. (30). We observe Lemma.
and similarly for the other expressions.
Proof. (28), (29), (30) are homogeneous differential equations for operators with expectation value 0. This implies that they satisfy e.g.
where we take Ã t to be determined by (28), (29), (30). To demonstrate the existence of the limit in (25) we calculate
The Evolution of Fluctuations in the Laser Model
We can control how to commute
through, since it acts linearly. Therefore we only have to estimate the commutator [ , ] with its correction term. We can apply our result on the quasilocal level where of course we have to take into account that (16) converges sufficiently fast because now we have an additional scaling like ffiffiffiffi N p . All remaining operators are unitaries and do not effect the strong convergence to 0. In the same way we can replace by or a a
by a x A x þ a y A y . We collect the result in In this way we obtained a time evolution that in fact is an automorphism on the fluctuation algebras of the -and the -field respectively of the laser field together with the fluctuation algebra of the -field. By taking the corresponding conditional expectation values we can reduce the time automorphism on the tensor product of the Weyl algebras to a completely positive map on the individual factors. This seems to be natural especially for the laser algebra, if we take the observation of the fluctuation algebra of the field as being outside of our experimental facilities. This positive map will in general not be an automorphism so that the entropy of the laser field need not be constant in time. Whether it increases or decreases or fluctuates depends on the details of the underlying quasilocal state.
Stationary and Periodic States
The time evolution of the quasilocal states admits invariant states as well as periodic states. We cannot assume that an arbitrary state converges to a limit state. This may be forbidden by the constants of the motion. But for given constants of the motions we can at least find periodic states. These preferred states can be stable or unstable under small perturbations. We will study how the time evolution of the fluctuation algebra looks like in these special states and whether we can find some relations with the stability of the quasilocal states.
We are essentially interested in the long time behavior of the quasilocal state and how the fluctuations are effected. According to the estimates in [4] the limit of the reliability of the time evolution of the quasilocal state is determined by the size of the fluctuations. Since the evolution equation on the fluctuation algebra is linear the fluctuations either are periodic or they depend linearly or exponentially on time. Therefore the time scale on which the evolution of the quasilocal state is reliable based on the estimates in [4] is in general of the order ln N but is longer for periodic fluctuations. Therefore we expect À or hope À that the fluctuations of the stable quasilocal states behave periodically.
In fact we will show that the stability behavior on the quasilocal level and on the level of the fluctuation algebra is the same, at least in the simplest examples. Example 1. We will assume in the following that and k in the Hamiltonian in H 1;2 N vanishes, which corresponds to the fact that the interaction between the fields is dominating. Then only those states can be invariant in time for which s x ¼ s y ¼ 0, a x ¼ a y ¼ 0. s z respectively s z ; a z can be arbitrary. If however s y ¼ a y ¼ 0 whereas s x ; a x 6 ¼ 0 but small compared to s z ; a z , then s y ; a y will evolve in the same direction or in different directions, depending on the relative directions of s z ; a z and s x ; a x so that their contribution to ðd=dtÞs z $ Às z a 2 x þ s 2 x a z annihilates or adds up depending whether s z a z >0 or <0. Though in general this annihilation will not be complete we can consider states with the same sign of a z ; s z as more stable than the others. (If we consider H 1 N this corresponds to take a z ¼ 1.) If we turn now to the fluctuation algebra in this invariant state then the equations reduce to
As we expected the fluctuations in fact rotate if we are in a stable state where a z s z >0 but increase exponentially if we are in an unstable state where a z s z <0. 
We define
This is in fact the desired isomorphism t between the fluctuation algebras. We can verify
so that all c numbers that appear in the commutation relations are invariant in time and S 1 ; S 2 ; A 1 ; A 2 evolve in the same Weyl algebra. With these new variables the differential equation reduces to
In addition we have so that the solution is in fact stable under perturbations of the possible 0 that corresponds to the permitted value s z >0.
The Entropy Balance
Since it was necessary to introduce the fluctuation algebra of the atoms in order to describe the evolution of the laser as an automorphism, the evolution reduced to the laser alone is only a completely positive map that may increase or decrease the entropy. In the special situation when s x ¼ s y ¼ a x ¼ a y ¼ 0 when the quasilocal state is invariant this does not yet imply that the state over the laser is invariant. We start with a product state over two Weyl algebras. If we are in the stable situation then the two Weyl algebras rotate. For a special state over both Weyl algebras the rotation is not felt by the state and it is invariant in time. But in general the state will be periodic. If however the quasilocal state is unstable the fluctuations increase exponentially and the state changes.
In the case when s z is constant and the quasilocal state rotates around the z-axes then we have seen that the solution of the fluctuation algebra contains the frequency 0 which means that we have a linear increase of the evolution A 1 ðtÞ $ A 1 þ tS 2 . If we therefore evaluate, ignoring the periodic part tr A S t e iA 1 $ tr A e i" A 1 À" 2 ct 2 ;
which shows that in the course of time !ðA Ã AÞ increases whereas !ðAÞ ¼ 0. Therefore the entropy of the state over the laser algebra increases, which corresponds to the fact that information moves into the correlations between the laser and the fluctuations.
Conclusion
We have studied the time evolution of two level atoms interacting with a laser in an appropriate thermodynamic limit. Based on the results in [4] we extended the time evolution of the quasilocal state to the fluctuation algebra as defined in [8] . This extension is necessary if one wants to keep the total entropy fixed. We observed that even when the state on the quasilocal level does not change in time for the local algebra on the level of the fluctuation algebra it changes producing increasing correlations between the fluctuations. In the controlled examples the amount how the fluctuations change was related whether the underlying quasilocal state is stable or unstable under small perturbations, in the stable situation the fluctuations change at most linearly in time, otherwise exponentially.
